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Estimating of Parameters of Continuous
Distribution of Time Between Marriage
and First Conception

Introduction

THThe duration of time between two successive hirths or between marriage

and first birth is an indicator of the level of fertility of a couple. For ana-
lyzing data on the first conception leading to a live birth, Potter and Parker
(1964) and Singh (1961, 1967) suggested the Type | Geometric distribution as
a useful model. Potter, Parker and Singh estimated the parameters using the
first two moments of the conception months. Majumdar and Sheps (1970) point-
ed out the limitations of such estimates and gave a method for obtaining
maximum likelihood estimates, which possess certain optimal properties. Bt it
isdifficult to compute theseestimates without the help of a computer.

Singh (1961, 1964) proposed a continuous probability distribution based on
another set of assumption for the above situation. He outlined a method to
obtain best asymptotically normal estimates of the parameters. These estimates
are obtained after several iterations starting from any set of consistent estimates.

Singh proposed the following model (1972).
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This distribution is a particular case of beta distribution.
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where b = 1/, k =l anda=gq.

In this paper, the gamma distribution is suggested for the distribation of time
of the first conception. Further, it is shown how gama distribution is obtained
from (1) as a limiting distribution, The gamma distribution is fitted to the
observed data collected from the case card records of leading maternity hos-
pitals of Anand and Anand Municipal Hospital, Anand, For sake of compar-

ison, the gamma model is also fitted to Hutterite (Sheps, 1967, pp. 129-132)
data. '

The Model

Let 7 be the period from marriage to the first conception leading to a live
birth, when the female is exposed to the risk of conception. The distribution of
T as given in Singh (1961, 1964) is derived under the following assumptions:

(@) The number of coitions during any time interval {0, ¢) of length ¢ is a
random variable and follows the Poisson distribution with parameter
A, where 4, is a positive constant.
(b) Coitions arc mutuaily independent and p, the probability of a coition re-
sulting in coniception is constant,
{c). Conceptions are mutualtly independent and p,, the probability of a con-
" ception resulting in a live birth is constant,

Under the assumptions (a), {6} and (c} the number of live births follows a
Poisson distribution with parameter A = A pp, if conception are assumed to be
instantaneous i.c. the related periods of temporary sterility {gestation and post-
partum amenorrhea) are zero. In the case of a first birth, it is enough to ‘assume
that a conception not resulting in a live birth is instantaneous,

In Singh (1961), the parameters are assumed 1o be constant for the simplicity
of the derivation of the model. Singh also assumed that A follows a Pearson
Type IIT distribution with parameters a and A.

Let g(t, a, h) be the probability density [unction of T, under the above assum-
ptions. Then g(t, a, A) is given by
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We write the above distribution (3) as a particular case of beta distribution as
follows:

1 bt
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whete b = 1/h, k =1 and a = q.
Now we shall consider the limiting case of equation (4) when b — 0, g — o6
such that bg = ¢, a constant,
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which is the required gamma distribution, For k = 1, we get exponential dis-
tribution.

Fitting of the Model

For fitting the model (3), its parameters are estimated by the method of mo-
ments and by the method of maximum tikelihood.

The Method of Moments :

The rth moment ', of (5) is given by
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Replacing ¢ and g by sample moment »; and m, respectively, the estimates
of the parameters k and ¢ are obtained as

2
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In the usual notation, the asymptotic covariance matrix V of (}!;, c3 is

V= [var (l? A cov (li’ ) ©)
cov (k, c) var(c)
where var (ij e -gk—UcNig (10)
A 2k + 3) :

var (C) =] _Hﬁ—h (ll)
cov (k, &) = MC—N_}_—Q (12)

The Method of Maximum Likelihood
Let Ty, Ts, Ta, . . . Tn be a random sample of size n from the population with

the probability density function (5). Then the likelihood function given by

L=(p) T e (413)

Equating the partial derivatives of log L w.r.t. ¢ and k to zero, we obtain the
following equations for estimating ¢ and k.

0 log L rk
e (14)
dlog L 1 ok
% =nloge n‘[ﬁ i +21ogt =0, (15)
From (14) we obtain
=X (16)
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where A = Z¢:/n Arithmatic mean of the observations, From {15) we obtain

=1y (D
1 vk
where n=loghk — T ok
and y=logA—log &

G = Geometric mean
- (Hn)lln’

Greenwood (1960) has tabulated the values of (k) against . The value of &
satisfying the equation (17} is obtained from the Tables of Greenwood (1960)
by dividing the value of 7(k) corresponding to the observed value y by the ob-
served vafue y. Using this value of £, the M. L. estimate of ¢ is obtained from
equation {16).

In the usual notation the asymptotic covariance matrix, 72, of the maximum
likelihood estimates is given by (19) where
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Using the ]arge sample theory, estimates of V(k), V(c) and cov (k c) are ob-
tained by replacing k and ¢ respectively, by k and ¢ in cquatlons (20) 21 and
(22).

The value of I/pie. —(If7)atk = £i is obtamcd by equatmg 1/v' by the
first d:ﬂference apprommatlon to 1fy’ where

L - I: Yiky — J’nko _ ”;]
y h—h ,
~ where y,; <y < y; and y, — yo == 0.01 and y is the observed valuc of nat k=Fk

Application

The Data :

The continuous mode] has been fitted to two distributions relatmg to first
‘ conceptmn taken from Anand data and Hutternte data (Sheps, 1967 : 129- 132).

The Re.sults :

For illustration the following calculations are given for the data in Table 1.
The first two raw moments are s, = 5.1692 and m, = 47.3384. The ‘moment .
estimates of & and ¢ obtained with the help of the equation (8) are %= l 2959,

' =10.2507. The expected frequencies based on these values of kand ¢ are cal-

culated and are given in column 3 of Table 1. Substltutmg estimates of® %and
- ¢ in the expressmns (10), (ll) and'(12) we obtain the estimates

V(k) = 0.0458, ) V(c) - o_;o(_)21~
cov (k, ¢) = 0.0088 and  r= 0.8979,

where r is the coefficient of correlation.

" The value of maximum likelihood estimates & and ¢ are obtained with the
help of Tables of e llog p — (W ?/ 4 ¢ )] given by Gretnwood (1960). The values
are given below. & = 1 4962 and c = k/X = 0.2894. The expected frequenmes
in column 4 of Table 1'are obtained with the help of these values of % and ¢,
From equations (15), (16) and (17) we obtained the estimates

v(k) = 00285, V() =0.0014
~cov(k,c) =00055, ~and  r=0.38594.
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The same procedure has been followed in the other case (Table 2). The
estimates by both methods, for the two sets of data, with the corresponding
standard errors are given in Table 3.

TABLE 1—THE OBSERVED AND EXPECTED FREQUENCIES OF CONCEPTION

BY MONTH, ANAND TOWN

Timefrom marri- Observed Expected frequency
age tofirst con- frequency —
_ception Method of Method of Maxi-
(in months) moment mum likelihood
K= 12959 k-1.4962
c= 2507 C= 284
@ 2 3 “
02 32 3450 3060
2-4 3140 3350
46 18 22.30 23.90
68 12 15.10 16.13
811 1 9.80 10.27
1012 5 6.30 6.30
12-14 5 4.20 3.90
14-16 3 240 2.40
18 2 170 140 .|
22 1 |> 170 | 1.40?
24 lj 0.60J 0.20
Tota 130 130.00 130.00
X2
adf) 4.6874 4.3686
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TABLE 2—OBSERVED AND EXPECTED FREQUENCIES OF CONCEPTION BY
MONTH, HUTTERITE DATA

Timefrom Observed Expected frequency

Marriage frequency MethodofMoments ~~~_Method of maxir @@@bwd
to first a=4.81, basedon based on 5) aa—3 40based on(l) based on\5)
conception b = 1430 & = 481 k = .5845 b=9.19 a=3.26 k =.8678.
(in months) h= 1651 £=.1350 h=100 &=.2005
0-1 103 86.1 84.32 114.26 92.3 91.34 87.22

1-2 53 61.2 60.45 47.23 62.4 61.91 53.83

2-3 43 4.4 44.13 35.12 43.6 4337 41.90

3-4 27 327 32.74 25.33 313 31.19 31.60
4-5 30 24,5 24.64 19.65 230 23.04 28.30
5-6 09 18.6 18.81 12.41 17.3 17.26 18.36

6-7 12 14.3 14.52 16.89 132 13.25 16.83
7-8 09 111 11.34 11.25 102 1031 12.85
89 06 8.7 89 9.16 80 8.13 9.23
9-10 0S 6,9 7.12 7.83 6,4 6.50 6.80
1011 10 55 571 5.95 5.2 5.25 8.25
11-12 05 45 4.62 5.47 4.2 4.29 5.40
12-15 09 9.1 9.42 11.49 8.7 892 11.00
15-18 o7 52 5,40 6.84 51 532 6.24
18-24 07 5.0 5.28 7.371 5.3 5.59 6.26]‘.‘
24-48 04 4.2 4.56 4.75 5.8 6.33 293
Total 342 3420 342.00 342.00 342.0 342.00 342.00
X2 (13df)=  (13df) = (l2df) =  (13df = (!3df)- (12df)=
195 18.74 16.3913 17.2 15.92 15.90

a—Taken from Majumdar and Sheps (1970) for Type | Geometric distribution.

NO. 1 1983 Demography /ndics



TABLE 3-ESTIMATES AND THEIR STANDARD ERRORS FOR THE
CONTINUOUS MODEL

Estimate Method of moments Method of maxi mum
likelihood
Anand Town N= 130. N= 130.
c: 0.2507 £0.0458 c: 0.2894 +0.0374
ki 1.2959+0.2140 k:  1.4962+0.1688
r:  0.8979 r: 0.8594
Hutterite Data N= 342 N = 342
c: 0.1350+0.0195 c: 02005 +0.0171
k: 05845+ 0.0735 k. 0.8678+ 0.0571
r: 0.9037 r. 08888

From Tables 1 and 2 it is seen that the model derived in (5) gives a better fit.
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